We describe fourth-order ODEs satisfying two contact invariant conditions of Bryant in terms of the Ricci tensor of a certain gl(2, R)-valued connection. We also provide nonhomogeneous examples of such ODEs.
Introduction
Recently there has been a growing interest in the geometrization program of ODEs [1] [2] [3] [4] [5] [6] . Although the program my be traced back to Lie [7] and Tresse [8] , and although it was formulated by E. Cartan and S. S. Chern in the 1940s [9] [10] [11] , it was not very popular until the works of R. Bryant (see e.g. [12] ) on the invariants of the fourth-order ODEs. In the present note we restate some of the results of [12] in terms of the invariants of the recently discussed GL(2, R) geometry of ODEs [4] . In particular we interpret Bryant's results in terms of the Ricci tensor of a certain gl(2, R)-connection, which characterises the ODEs satisfying contact invariant conditions of Bryant [12] .
Our starting point is the following well-known proposition. (4) = F x, y, y , y , y (3) .
(1.2)
To simplify the notation, we introduce the coordinates x, y, y 1 = y , y 2 = y , y 3 = y 
Among all ODEs (1.2) considered modulo contact transformations (1.4) there is a remarkable class for which the invariant forms satisfy
This system is defined on an 8-dimensional GL(2, R) principal fibre bundle P over the solution space M 4 for the corresponding ODE (1.2). The invariant forms (θ 0 , θ 1 , θ 2 , θ 3 , Ω + ) together with the additional three 1-forms (Ω − , Ω 0 , Ω)
constitute a well-defined coframe on P.
As noted by Bryant [12] , the class of ODEs having forms (θ 0 , θ 1 , θ 2 , θ 3 , Ω + , Ω − , Ω 0 , Ω) of system (1.6), is distinguished by the demand that their defining functions F = F (x, y, y 1 , y 2 , y 3 ) satisfy the following two conditions:
(1.7)
Bryant's conditions (1.7), considered simultaneously, are contact invariant; if the ODE undergoes contact transformation of its variables, conditions (1.7) are preserved. Examples are known of ODEs satisfying these conditions [12] , the simplest being y (4) = (y (3) ) (4/3) .
(1.8)
The purpose of this note is to establish a theorem on speciality of a gl(2, R)-valued connection defined by such ODEs on their solution spaces.
The closed system
Let us make the following choice for the group parameters defining forms (θ 0 , θ 1 , θ 2 , θ 3 , Ω + ) of (1.5). Then we have the following theorem. = F x, y, y , y , y
satisfies contact invariant conditions 
(2.5) Other coefficients are given in the next two sections.
The proof of this theorem is a lengthy calculation based on a variant of Cartan's equivalence method. In the next section we outline the main points of the proof.
Proof of the main theorem
The basic idea in the proof of Theorem 2.1 is to force 1-forms (1.5) to satisfy system (1.6). This requirement makes restrictions on the free parameters α i j and, more importantly, on the possible functions F = F (x, y, y , y , y (3) ) defining the ODE. The main steps when imposing (1.6) on (1.5) are: 
gives a relation between Ω, Ω 0 and dα 1 1 , (6) now, the expressions for dθ
2 enable us to fix α respectively, (7) considering successively dθ
the second of Bryant's conditions (1.7) is equivalent to the requirement that dθ (12) forms Ω 0 , Ω − , Ω are determined by the linear relations from points (2), (3) and (5) .
In this way one finds the explicit expressions for the invariant coframe satisfying system (1.6). Instead of giving these formulae we present formulae for (θ
The remaining three 1-forms (Ω 0 , Ω − , Ω), when written in the gauge (α 
Then the expression for the invariant 1-forms
The residual group G = {m | α + mdm −1 . This enables us to find the explicit expressions for the invariant forms (Ω + , Ω 0 , Ω − , Ω).
The transformation rule for Γ resembles the transformation rule for a connection. Since Γ is gl(2, R)-valued, it is reasonable to look for a GL(2, R) principal fibre bundle associated with the corresponding ODE (2.2). Due to properties of system (2.4) and (2.5) the desired bundle is just P of Theorem 2.1. To see this, note that Eqs. (2.4) 
GL(2, R) geometry on the solution space
Using matrices Γ = (Γ 
and Eq. (2.5) in a compact form as: terms of a 0 , a 1 , a 2 , a 3 , b 0 , b 1 , b 2 , b 3 , b 4 and performing a purely algebraic manipulation on the curvature tensor coefficients R i jkl , we get a remarkable theorem. 
Its respective symmetric and antisymmetric parts read:
and
Thus the entire curvature tensor R i jkl is encoded in the Ricci tensor.

Remark 4.2. Note that we also have
. Now we can use matrix m of the previous section to find explicit formulae for the coefficients a 0 , a 1 , a 2 , a 3 , b 0 , b 1 , b 2 , b 3 , b 4 . It follows that if we evaluate R ij for (α is a contact invariant property of the corresponding fourth-order ODE (1.2). These two determinants, when expressed in terms of the eight curvature coefficients a 0 ,
Thus they are expressible in terms of the two well-known GL(2, R)-invariant polynomials Interestingly, the next GL(2, R)-invariant polynomial
when considered as defined on P in terms of forms (θ
has the following property:
where X ∈ V is any vertical vector field on GL(2, R) → P → M 4 . Thus I 4 descends to a well-defined conformal symmetric tensor of fourth degree on the solution space M 4 of the ODE [12] . Let us denote the descended to M 4 tensor I 4 by Υ . It is also worth mentioning that, for the vertical vectors X ∈ V, we have 
Thus we have the following theorem. 
Theorem 4.5. Every fourth-order ODE y
Its corresponding gl(2, R)-valued connection has no torsion and very special curvature tensor described by Theorem 4.1.
Examples
Equations with symmetric Ricci tensor
There is only one contact equivalence class of ODEs (2.2) having an 8-dimensional group of contact symmetries. This is equivalent to y (4) = 0 and the symmetry group is GL(2, R) × ρ R of Theorem 4.1 is flat. In this section we focus on the equivalence classes of ODEs (2.2) for which the Maxwell form dA = −12dΩ of this connection is flat dF = 0. In such a case we have
Let us assume that we are in this situation. Looking at the transformation properties (4.4) of the curvature coefficient a 2 , we see that there are essentially two distinct cases distinguished by the vanishing or not of the expression a After these two normalisations we get
Thus again we have two cases, depending on the vanishing or not of the invariant I 
The forms Ω and Ω 0 are given by
All the equations having such invariant forms are equivalent to an ODE defined by
This class has strictly 6-dimensional group of contact symmetries. Under such normalisations system (2.4) and (2.5) descends from P to the 5-dimensional jet space J. There, it reads:
To close this system it is convenient to eliminate form Ω. This can be achieved by an introduction of new forms
where w is a function on J such that Ω = − 1 3 dw. The local existence of such a function is guaranteed by dΩ = 0. In terms of the new variables (σ 0 , σ 1 , σ 2 , σ 3 ), w, the reduced system takes a form in which the 1-form Ω is not present:
As we can see, the price paid for the elimination of Ω is the introduction of a nonconstant function w appearing explicitly in these equations. Now the remarkable fact is that system (5.1) closes on J and is described by the following theorem. 
Functions w, w 0 , w 1 , w 2 , w 3 appearing here are defined by: We easily see that the assumption that all w, w 0 , w 1 , w 2 , w 3 , w 13 are constant is incompatible with system (5.1)-(5.5).
Finding any solution to system (5.1)-(5.5) is a difficult task.
Inhomogeneous examples
Here we present examples of contact equivalent classes of fourth-order ODEs satisfying Bryant's conditions (2.3) which are not homogeneous. By this we mean they do not admit a transitive contact symmetry group of dimension greater than four. We consider an ansatz in which function F depends in a special way on only two coordinates y 2 and y 3 . Explicitly: The special solutions of (a) are: q(z) = 0 and q(z) = 4 3 z. In case (b), we have q(z) = 3z and q(z) = 5 3 z as special solutions.
Writing these four solutions as q(z) = cz, we remark that in cases c = 0 and c = 3, function F defines a fourth-order ODE which is contact equivalent to y (4) = 0. Cases c = 4 3 and c = 5 3 define two different F 's, but the corresponding fourth-order ODEs are contact equivalent. They both are equivalent to the ODE described by Theorem 5.1.
